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ABSTRACT: We study the effect of background fluxes of general Hodge type on the super-
symmetry conditions and on the fermionic zero modes on the world-volume of a Euclidean
M5/ D3-brane in M-theory/type I1B string theory.

Using the naive susy variation of the modulino fields to determine the number of zero modes
in the presence of a flux of general Hodge type, an inconsistency appears. This inconsistency
is resolved by a modification of the supersymmetry variation of the modulinos, which
captures the back-reaction of the non-perturbative effects on the background flux and the
geometry.
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1. Introduction and summary

Recently, there has been a lot of progress in the investigation of KKLT-type models [].
On the one hand, specific examples of candidate models have been constructed [P, f.
On the other hand, the generation of a non-perturbative superpotential which may serve
to stabilize all Kahler moduli has been investigated in much detail. The recent research
in this line extends the earlier work of Witten [H] by taking into account non-vanishing
background fluxes [§-[[d] and working out the conditions for the generation of the super-
potential directly for type I1B-orientifolds without the detour of analyzing the M /F-theory
case first [[L]-[LJ]. If M5/D3-brane instantons wrapping a divisor in the compactification
manifold are the source of a possible non-perturbative superpotential, the analysis involves
deriving the Dirac equation in the world-volume of the M5/D3-brane and studying the
structure of its fermionic zero modes. So far, only the case of the background flux being
of Hodge type (2,2) in M/F-theory, or (2,1) in type IIB-theory has been considered.
The present letter resolves a seeming puzzle concerning the fermionic zero mode struc-
ture in the presence of background fluxes of general Hodge type. As has been shown
in [I4, L3, the conditions for a supersymmetric background flux obtained from the mini-
mization of the effective four-dimensional superpotential change in the presence of a non-
perturbative term. The supersymmetric flux is no longer of Hodge type (2,2) (resp. (2,1)
for type II1B), but receives contributions of all Hodge types. We will show that, if one
now, guided by this result, plugs a flux of general Hodge type into the zero mode conditions



obtained from the Dirac equation, an inconsistency arises: If with (2, 2)-flux, the conditions
for the generation of a superpotential were met, this is no longer the case for general flux.

As we explain in the following, this apparent mismatch disappears after the introduc-
tion of a modification of the supersymmetry variation of the modulino, which basically
captures the back-reaction of the non-perturbative effects on the background flux and the
geometry.

This paper is organized as follows. In section [, we discuss the supersymmetry condi-
tions on the background flux as obtained from the effective potential as well as from the
supersymmetry variation of the modulino. In section [J, the fermionic zero modes on the
world-volume of D3/Mb5-branes are analyzed. First, we study the conditions on the zero
modes originating from the Dirac equation in the presence of fluxes of general Hodge type.
We find a modification from the case of pure (2,2), (respectively (2,1)) flux. To further
elucidate the effect of allowing general background fluxes, the concrete example of com-
pactification of M/F-theory on K3 x K3 is presented. If a pure (2,2)-flux is turned on, a
non-perturbative superpotential is generated. If, on the other hand, we allow other Hodge
components, which a supersymmetric flux solution in the presence of a non-perturbative
superpotential requires, all zero modes are lifted and no non-perturbative superpotential
is generated. Thus, an obvious inconsistency arises.

In section fl, we set out to resolve the puzzle. We find that the non-perturbative
superpotential must be included into the susy variation of the 11-dimensional gravitino
field after compactification, which in turn determines the Dirac equation and therefore the
number of zero modes. Like this, the (4,0)— and (3, 1)-parts of the flux are balanced by
the contribution from the non-perturbative superpotential, and the number of zero modes

remains the same as for (2, 2)-flux.

2. The supersymmetry conditions

In this section, we will study the supersymmetry conditions for the low energy theory
arising from string compactifications in the presence of background fluxes and due to non-
perturbative effects. We will first obtain the susy conditions by minimizing the effective
potential and then by analyzing the spinor conditions. We work out the case for I1B com-
pactification on Calabi-Yau threefolds and then briefly discuss M-theory compactification
on Calabi-Yau fourfolds.

2.1 Effective potential

We first consider the compactification of type IIB theory on a Calabi-Yau threefold. The
resulting low energy supergravity action is given by

1
S = /d4x§\/_—g {R+ 9,50,220"2%} + Vegr + Sgauge - (2.1)

Here, we used a condensed notation: The indices {A, B, ...} = {i,I,7} denote both the

complex structure moduli {7}, Kéhler moduli {I}, and the complexified axion-dilaton



field 7. Sgauge denotes the gauge field dependent part of the action. The effective po-

tential
Ve = %eK (¢*PDAWDEW — 3|W|?) (2.2)
is given in terms of the total superpotential
W = Waux + Wayp (2.3)

and the Kéhler potential K. Here Wy, is the flux superpotential [I{]

Whux = /Gs AQs, (2.4)
and W, is the superpotential arising from nonperturbative effects. {23 is the holomorphic
(3,0)-form on the CY space and

C;;J,:F}g—7'1{3,7 (25)
F3 and Hjs being the RR and NS field strengths, respectively. The flux superpotential
depends only on the complex structure moduli. We assume the nonperturbative superpo-

tential to depend on the Kéhler moduli only.
The supersymmetry preserving minima are obtained by solving the equations

DAW =0. (2.6)

It is well known that in the absence of a nonperturbative term, W = Wy, the condi-
tion (R.4) requires G to be of type (2,1) [[4]. For Wy, # 0, this is no longer true [[L5], and
G5 acquires non-vanishing (1,2), (3,0) and (0, 3) parts:

/Gg /\XZ(Q’l) +8Z‘KWnp=O,
/Gg/\Qg 61K+D1Wnp =0,

/Eg/\Qg—i—Wnp:O. (27)

The primitivity condition G3 A J = 0, being a D-term condition, remains intact despite
(2,1)

Whyp. Here x;7 is a form of type (2,1).

We can similarly obtain the susy conditions for M-theory compactification on a Calabi-
Yau fourfold. The flux superpotential is now given by [|L§]

Waux = /G4 ASQy . (2.8)

Here, G4 is the four-form flux present in 11-dim. supergravity theory and {24 is the holo-
morphic (4,0)-form on the CY fourfold. The susy conditions take the form:

/G4 A Xz(g’l) + 0, KWy, =0,
/G4 AQy OrK + D[Wnp =0. (2.9)

In the following subsection, we will show how the above conditions can be derived from
the modulino variations.



2.2 Spinor conditions

Now, it is important to remember that the BPS susy variation of the gravitino is equivalent
to solving the susy conditions in the effective field theory, as discussed in [[9] for M-theory
on a fourfold, in [R0] and in [R1] for type I1B on a CY threefold, and also by [2Z] for the
heterotic string. Thus we must modify the spinor conditions accordingly in order to obtain
the susy conditions eq. (R.7) in ITB theory and eq. (R.9) in M-theory. In what follows,
we will first review the spinor conditions in the absence of Wy, and then consider the
generalization when W, is included.

Let us first consider the situation in I7B theory. This has been worked out in [PT].
The supersymmetry variations can be summarized as follows:

1 1
ROy = Ope = " (Om I Z - AkZT40ph) € + TG

- 1 1 1 .
KOy = (Dm — ng> €+ geam InZ — 1—65va6* — g/{vae ,

KON® = —iy"Pre+ %nae*. (2.10)

The first equation is the supersymmetry variation of the four-dimensional gravitino field.
Second, é1),, corresponds to the variation of the internal gravitino. After compactification
the internal gravitino degrees of freedom become in the effective 4D field theory the mod-
ulino fields, i.e. the fermionic superpartners of the Kéhler and complex structure moduli
fields. Concretely, the modulino equations which one obtains by dimensional reduction!
(see appendix) are

. | A 1 _ AN .
5¢Ze% = _gGZ%é.* - EgacgeaG2E§*7 1= 17 s 7h(2,1) )
1 ~
I * 1,1
003 = 16 Gaatl I=1,...,A0
i — Fx
Ny = Gt (2.11)

where é is a four dimensional supersymmetry parameter.? Finally, d¢, indeed comprises
the supersymmetry variations of all modulinos, namely it leads after compactification to
hi,1 + h21 independent spinor equations, which we call modulino equations. Finally, dA* is
the supersymmetry variation of the four-dimensional dilatino. In these equations, we use
the same notation as [R1]. In particular, G = %Gmnp*ym"p , Z is the warp factor, D,, is the
covariant derivative with respect to the internal metric, h is related to the RR four-form

ﬁeld, h = C0123, and

Pm = anmB7 Qm = f2Im (BamB*) s

!These equations could be also derived from the supersymmetry variations in four dimensions. We
chose this discussion since it provides a complementary derivation of the SUSY conditions from the higher
dimensional point of view.

2@i,. denotes Giw!, . with no sum over i. The left and the right hand side of the first equation in ()
factorize in different way. That is why we cannot rewrite the equations using only for G;. For a further
comment on the double indices notation see the last paragraph of the appendix.



1 +ar
1—ir’

B f2=1-BB* (2.12)

The conditions (R.1() can be solved to show that Gs is of type (2,1) and primitive.

Clearly, the explicit dependence on the superpotential Wy, and its covariant deriva-
tives is not apparent in the modulino variations (2.11). We need to make this precise,
in order to generalize the above formulae in presence of W,,. Since we are interested in
the G3 dependence of the variations, we can as well ignore the effects of warping and the
five-form flux, and also set the complexified axion-dilaton field to constant.

It is now easy to introduce the flux superpotential in the above equations. Note that

2.1 1
D Wi = [ Gan ! = Gz = w5 Dl

DWW,
D[Wﬂux - a[K/Gg VAN Q3 — GT - leiﬂux . (213)
aoc aoc BIK
w, 5 has in principle an additional index 4. This is the same index as in D;Wg,x. In order
to avoid writing that there is no summation over i in terms like w’—D;Wayy We suppress
abc
in the following the index of w.

Substituting the above into the modulino variations, we find

A 1 1 - . ,
6¢Zeﬁ = _gweEDiWﬂux - Egacgeanﬁﬁ, 1=1... h(2’1) ,
1 D,
I IVVflux 1,1
6¢E|% = —EWQTI{U. s I=1... h( ) . (214)

Similarly, using

Gape = —wWape(™ = T)Dr Wi, (2.15)
we find
x i _ .
N = = 7%ape(T = T)ID Wil (2.16)

For covariantly constant spinors, we recover the susy conditions
DiWaux = DiWauwx = D Wau =0 . (2.17)

Now, it is easy to generalize the spinor variations in presence of the non-perturbative
superpotential. We simply replace Wy by W = Wayx + Wy,,. The variation equations
then become

. 1 1 - A
5¢Z—b = —gweEDiW — —9"9eaG' =€,

eal 16 abc
1 DiW
I o 1
"0 = 16 o K
* i —



We clearly see that, for covariantly constant spinors, the first of the above equations implies
the flux to be primitive and in addition D;W is zero. The second and third equations then
imply that D;W and D,.W are zero respectively. Thus we recover the susy conditions

D;W =D/W =D.W =0. (2.19)

We now proceed to work out the modulino transformations in M-theory in presence of
Wi in a similar fashion. This has been analyzed in [L9]. We will first express the variation
equations in terms of the flux superpotential, and then generalize it to the case of W, # 0.
Consider first the internal gravitino variation without W,,:

1
0 = Vi€ + ﬂ'y"qumnqu . (2.20)

By dimensional reduction we obtain (see appendix)

1 -~k .
5¢§5 =1 (Gebagbd> &, k=1,... ,h(l’l) ,
% 1 I N . 3,1
5@%@:%6;6%5, ZZI,...,h( ),
1 -
17 = — G = (171)
5¢E\abc 24 Geabcg’ I=1,...;h . (2.21)

By solving the susy conditions, we get in general h3 1 equations for the complex structure
moduli and hq,; equations for the Kéhler moduli. The same conditions should be repro-
duced by setting ¢’ and 64! to zero. There are h3' fluxes of type (1,3). The (0, 4)-flux is
a solution of h! independent equations. Because of these reasons, it is natural to say that
for every G_;— and every G— (same G— coming from hY:! equations), the variation of
the gravitino should be zero.

There is no I on the r.h.s. This emphasizes the fact that the A supersymmetry
conditions are degenerate in the (0,4)-flux. Using

DiWiux = / Gi Ay = Gl ™l (2.22)

and

Di Wi = 01K [ G 2 = 01K Giga™. (2.23)

we can immediately rewrite (R.21)) into

1 —\k .
00 = 5 (Gueas™) €. k=1 p0D,
. 1 R
0brape = ﬁwe@DiWﬂuxﬁ, i=1,..., KB
1 DiWaue -
Sl — Whu ¢ =1, .. h0D (2.24)

E|@ ﬂweabc 8[K

The supersymmetry conditions and the primitivity condition are reproduced by setting

5ok, 697, 6o to zero.



This gives immediately

gadngGeba — O7
DiWaux =0, i=1,..., A3,
DiWawx =0, I =1,...,hY . (2.25)

These equations correspond to the primitivity conditions on G2 2 and the vanishing of Gy 3
and G0,4.

In the next step, we would like to make a proposal for the form of the additional terms
of the supersymmetry variation of the modulinos in the presence of the non-perturbative
term Wp,. The supersymmetry conditions which should be reproduced, change to

DzW = DiWﬂux + Dngp = 07
DiW = DiWaqux + D[Wnp =0. (2.26)

From (P:24), we immediately see that the variation of the modulinos should be changed to

1 Kk .
Eo_ 2 _bd _ (1,1)
5¢ec 1 (Gebcdg > £, k=1,...,h ,
) 1 R )
00yge = 5y DiVe, i=1,...,h30
1 DWW .

Sl = I=1,...,h00 (2.27)

elabe — 94 eabe g S

3. Conditions on the zero modes from fluxes and the non-perturbative
superpotential

The non-perturbative superpotential may be generated via gaugino condensation or via
instanton effects or both. Here, we will concentrate on the case of instantons. In type IIB
theory, they correspond to Euclidean D3-branes wrapping divisors of the CY threefold,
whereas in M-theory, they come from Fuclidean M 5-branes wrapping divisors of the CY
fourfold. It has been pointed out by Witten [l some time ago that the necessary condition
for an M5-instanton to generate a superpotential is that the corresponding divisor has
holomorphic Euler characteristic equal to one. This provides a stringent condition on the
possible CY fourfolds [2J]. For type IIB compactification on a Calabi-Yau without the
orientifold projection (without flux), the index is always zero and hence no superpotential
is generated due to instanton effects [[LT]. It has been argued recently [R4], that the index
might change in the presence of flux. An explicit example has been constructed to show
that some of the world-volume fermion zero modes are lifted due to flux [{]. Subsequently,
a generalized index formula was derived in M-theory [, B, as well as in type IIB the-
ory [LI]. However, these results are based on the assumption that the flux is primitive
and of type (2,1) in type IIB, or (2,2) respectively in M-theory. As we have already
discussed, the supersymmetric flux no longer remains (2, 1) (resp. (2,2)) in presence of the
non-perturbative superpotential. In this section, we will analyze the fermion zero modes
on the world volume of D3/M5-branes in the presence of general flux.



3.1 General fluxes

The fermionic bilinear terms in the D3-brane world-volume action in presence of back-
ground flux have been derived in [RF, fij by using the method of gauge completion, and also
in 26, 7, A from the M2-brane world volume action using T-duality. Upon Euclidean
continuation and by an appropriate gauge choice [[[1], the Lagrangian takes the form

1 - R
D3 —9\/det g 6 {e—%mvm + gGmnﬁfym"p} 0. (3.1)
Here m,n,... are directions along the brane and p stands for directions transverse to the

brane. As always, we turn on the three-form flux only along the directions of the internal
manifold. Also for simplicity, we set the flux F5 due to the world-volume gauge fields to
zero. G is defined to be

Grnp = e*¢Hmnp + iF,/,mp% , (3.2)

with F" = dCy — CyH3. The Dirac equation, obtained from the above action, reads

{e—%mvm + éémnﬁw’”"ﬁ} 0=0. (3.3)

Locally, we can express the internal metric as
ds? = gagdy“dyg + g.zdzdZ , (3.4)
where a,b, ... are complex coordinates on the D3-brane and z,Z are directions transverse

to the brane. We define the Clifford vacuum to be
YEQ2) =~4%Q2) =0 . (3.5)

The spinor 6 can be written in terms of positive and negative chirality spinors as § = e +¢_
with

er = 019) + o1 + 65" 19)
= 6=771Q) + ¢a D) + Sy 1) - (3.6)

Substituting this into the Dirac equation, we find

_ 1 - -
€929 0,65 + 2977 g™ ¢" Gapr bz + =977 g% =G 3. = 0,

2
7 1 — _
* (059 + 19" utr) + 51979 (672G . — 205 Can=) = 0,
1, .
e~ Oty + —Zgzzgab (bawzCapz — 407z Gaaz) + 7197 0zGany, = 0 (3.7)

and
_ - LT bl 1
e 229" utbaz + 19" " Gy Gavz + Zg“%Gabz =
_ m 1
e (5‘—/% + 49" Outrzars ) — 719" (657G — 205G ) = 0.

1.
% + _Zgab (¢ /b/G 4¢bb/ ad Z) + gZ(ﬁGm =0. (38)



We can similarly work out the equations for world-volume M 5-brane fermions. The
fermionic bilinear terms on the M 5-brane world-volume in the presence of background flux
have been derived in [ff]. Upon setting the world volume gauge flux to zero, we have the
Dirac equation

1 .

YV 10 — ﬂfyq’ym"menp(jH =0. (3.9)
Again, we turn on the fluxes only along the compact directions. Here, m,n,p,... are real
indices. A 7 indicates the directions transverse to the brane. We denote by a,b,... the
holomorphic indices along the brane and by a, b, ... the anti-holomorphic indices; z is the

complex coordinate along the normal to the divisor. The spinor # can be expressed in
terms of the Clifford vacuum and the creation operators as

6= 612) + 6171 + 671 + 25577 19) (3.10)
Plugging this expression for # into the Dirac equation, we find
(9c0) + 49" Do)
+% [49@/gbélgzz(Gabz’;/Z(ﬁza/a — GabezPsapy) + gzgga6¢2Gaz’;az] =0,
(0a¢z + 4" NP zar)
1 [49°% 8% (G — Ganesbu) + 6™6C ez =0,
OaPrq + 1_129Z2¢2Ga65z =0,
Fadzpq + 2_14¢Ga1362 =0. (3.11)
These expressions can be simplified a lot using the primitivity condition:
(9c + 49" 0402) — 29" " 9 Gz = 0,
(Batp= + 49" Oybzan) + 9°% 8" Gapezday = 0,
Aabpe + %gzg(ﬁiGaéaz =0,
a[a¢2136} + 2_14¢Ga1362 =0. (3-12)
The equations are modified due to the (3,1)— and (4, 0)-fluxes, and so is the zero mode

counting. To understand this better, we shall turn to the example of compactification on
K3 x K3.

3.2 Example: K3 x K3

To acquire a better understanding of the above equations, we consider here the example of
M /F-theory compactified on K3; x K3 with background flux [R9, [Ld, B(]. Consider one
of the K3s (say K32) to be elliptically fibered. Wrap the M5-brane on one of the divisors
of the form K3 x S, where S corresponds to the P's of the elliptic K3. Let z parametrize
the direction normal to the brane.



We will now briefly review the case of the flux being of type (2,2) and primitive and
then consider the case of general flux. Let us first analyze the case of the flux preserving
N = 2 supersymmetry. In this case, the (2,2)-flux must take the form

Gy € HYY(K31) @ HYH(K3y), (3.13)

which implies that the N = 2 flux must be a (1, 1)-form in K35. Since it is an elliptically
fibered K3, we have to use the spectral sequence, which tells us that the flux belongs to [R§]

H°(B, R’r,R)® H*(B,m,R),

which in simple terms means that the flux has either both legs in the fiber or both in the
Contrarily to this, the flux
appearing in the Dirac equation of the brane world-volume is always of type G or G
Thus for N = 2 flux, the Dirac equation does not change at all and the zero modes are

base. So the N = 2 flux is always of the type G ;.5 or G

abzz *
abcz abze -
same as those of the fluxless case.

We now turn our attention to fluxes preserving N = 1 supersymmetry. Such a flux is
of the form

Gy € (H*'(K31) ® H*?(K3,)) @ (H"?(K31) @ H*°(K3y)) . (3.14)

In addition, it may contain flux of the form as given in eq. (B.13). The susy conditions
in presence of such a flux have been analyzed in great detail in [Pg]. It has been realized
there, that by an appropriate choice of (2,2) primitive flux, it is in fact possible to lift
all the complex structure as well as Kéahler moduli except the overall size of the K3. It
has also been noticed that the fluxes of the type given in eq. (B.14]) stabilize both the K3s
at an attractor point [BQ]. Attractive K3 surfaces are completely classified. They are in
one-to-one correspondence with the (SL(2,7Z) equivalent) matrices

2a b
QZ(b 2C>’

where a, b and c¢ are integers, and in addition a, ¢ and the the determinant of ) are required
to be positive. Two such matrices represent the same K3 if they are SL(2,Z) equivalent.
It has been shown in ref. [B(], that the tadpole cancellation condition puts very strong
constraints on the integers a,b and ¢ appearing in the above matrix Q. Thus the N =1
solutions are very limited and all of them can be determined.

We now consider M5-branes wrapping divisors of the form K3 x S in presence of such

a flux. Locally, these fluxes are of the form Gupez, G The divisors under consideration

abez
have the cohomology

HYW(K3x PY)y=H*(K3xPH)=0. (3.15)

Since ¢z and ¢;; belong to these cohomology groups, they must be identically zero. We
can now clearly see from the Dirac equations that the forms ¢, ¢z are harmonic, and in
addition we have

9" ¢" Gaez gy =0 . (3.16)

,10,



This condition lifts the ¢, mode. Hence, we only have massless modes corresponding to
¢ € H*O(D). Note, that all the spinors also carry an SO(2, 1)-index, and hence there is a
doubling of massless modes. Since H*9(D) is one-dimensional, we are now left with two
fermion zero modes, which is the right number for the instanton to contribute to Wp,,.

We now study the Dirac equations in presence of (3,1)— and (4, 0)-flux. They take the
simple form

(00 + 49" Dybyys) = 0,

gaa’gbb’ Gabéi(ba/i;/ = 07

a[agbéa] =0,

¢Ga552 =0. (3.17)

Again, we find from the above that the forms ¢, ¢_; are harmonic. In addition, we find that
both zero modes ¢ as well as ¢ must be zero. Thus the presence of (4, 0)-flux lifts all the
zero modes. As a result, we don’t have any contribution to W, from the M 5-instantons.

We have seen in the above that we can choose an appropriate (2,2) flux preserving
N = 1 susy, so that we have the correct number of fermion zero modes to have a non-
perturbative superpotential. But once we include a (4,0) flux, as enforced by the non-
perturbative term in the susy conditions, all the zero modes are lifted which means that it
is not consistent to keep the non-perturbative term. This raises a puzzle which we intend
to resolve in the following section.

4. Inclusion of the non-perturbative superpotential into the zero mode
counting

In the last section, we have seen that a (4,0)-component of G lifts all zero modes. On the
other hand, the susy conditions tell us that the (4,0)-part of G is non-zero in the presence
of Wy,. So there is an apparent mismatch. The resolution of this puzzle seems to be to
include W, into the Dirac equation which determines the number of zero modes. Then,
G4,0 should be balanced against W,,,, as it is the case for the susy conditions.

The Dirac part of the world-volume action on an M5-brane with fluxes has the form [§:

1, 1 s i<
L = S0 Vim + 5 ("5 G g — Y1 )10 - (4.1)

For us, it is important to note that the corresponding Dirac equation, whose solutions
count the number of fermionic zero modes, is essentially determined by the susy variation
of the 11-dimensional gravitino field. This can be seen as follows [[[1]. The supersymmetry
conditions on the bulk, closed string background are given by

0pre =0, (4.2)

which is the supersymmetry transformation of the 11-dimensional gravitino. This can be

translated to the linear part of the Dirac equation from the world-volume action as follows:

(1 =Tar5)0%6%pe0 = 0. (4.3)

— 11 —



Here, 01}, is the pull-back of the gravitino variation to the brane via §1), = 610042 and
I'y=T Ne]\N/IﬁaxM . Therefore, one sees that the pull-back of the bulk gravitino equation is
equivalent to a solution of the Dirac equation. Furthermore, one has to take into account
the constraint from x-symmetry on the M5-brane:

(1+Ta5)0 =0. (4.4)

The number of zero modes is then given by the difference between the numbers of solutions
of these two equations.

As we have already stated, we can recover the M5-brane world-volume action eq. ([£.1)
by using the explicit expressions for the internal gravitino variations in the absence of W,,,
in eq. (£.3). We have already seen in §2 that turning on Whyp alters the susy equations
in the effective potential, as the effective superpotential now is W = Wayux + Wy, This
addition should be described by the modulino equations, i.e. §¢° = ¢! = 0 should be now
equivalent to DWqyy + DW,,,, = 0.

Substituting the expressions for the internal gravitino transformations with the general
fluxes in ([L]]), one obatins

(aé¢ + 4gbb/ abeB/E) - 2gaa’ gbb/gzzGabéngga/B/ =0,
(Pat= + 49" dsay) + 9 8" Gavezday =0
1
a(ﬁbc] + g ¢Z abcz — 07
a[a¢2136} + ﬂ(bG&BEZ =0. (4.5)

This is a set of local equations in the internal space. Every summand of ([.5) vanishes
separately. This means that the set of equations

Gab@z¢abz =0 )

Gabﬁgbab =0 )
abcz(bz =0 )
Gz =0 (4.6)

is preventing the ¢, ¢g, ¢; and ¢~ to be non-trivail zero-modes in the case of general flux
G3. On the other hand G4 correspond to the three-dimensional constant scalar fields
which one obtains as coefficients by expansion of G3 in the harmonic basis on CYj:

h(3,1)
G = Gapeadz” Ad2" Ad2® Ndz? + Y Gl ™
i=1
n(2.2) B3
+ Z G k abcd Z —z abed
=1
+Gabcddz Adzb A dz A dze (47)

with @F being basis elements of H>2. Since H*? = 0, they can be expressed in terms of the
basis elements w! of HY! as @F = Yorg X’fjwl Aw”. The scalar fields G, GF, G* are related
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to the flux superpotential by (R.29) and (2.23). From the modulino equations (R.27) we see
that Wyux has to be replaced by W = Wgyx + Wyp. This corresponds to the modification
of G to

GQ,Z : Gaba = Gab@’

Z173 . G;@ = wale-W = G;@ + wa@DiWnp,
" DiW DiW,,
G074 . Gm = (,()m—alK = Gm + (,()m aIK . (48)

This amounts to modifying the world volume action ([L.]) in presence of the nonper-
turbative superpotential, where we now replace G by G. It is then straightforward to see
that, using the susy conditions D;W = D;W = 0, the Dirac equation can be expressed as:

(0e¢ + 49" Oppe) = 0,

(0a0= + 49" Opdzar) + 9" 9" Gapeztbay =0,

a[a¢6&} =0,

8[a¢265] =0. (4.9)
These conditions are identical to the ones coming from (2, 2) primitive flux without W,,),.
The (4,0)— and (3, 1)-parts of the flux are compensated by the nonperturbative term. As a
result, we find that the number of fermion zero modes is unaltered. The apparent mismatch
of the two answers in the previous section was due to the fact that we had then ignored
the back-reaction of the instanton on the background flux and the geometry. Once we take
care of this by modifying the fermionic terms accordingly, we obtain the expected result.

For the type I1B Euclidean D3-brane, the story is very similar, hence we will be very

brief in the following. The Dirac Lagrangian can be written in terms of the type IIB
gravitino variation, where in addition also the dilatino variation appears:

LJI?3 = %e*‘b\/detg 0(1 — Tp3)(T*¢e — GA)0, (4.10)

where the bulk susy variations are d¢,,, = 0 and dA = 0. Substituting the expressions for
01y, and O without W, into the above equation yields

1 - )
LP3 =2/det g 0 {e—%mvm + gGmnﬁwm"”} 0. (4.11)

Once we use the modified expressions for §¢*, §¢, §¢! and 6\ in presence of Whp, we
replace G by

G2,1 : Gave = Gage s

A~

AZLQ . GZG,E = GZLE —|— waEDiWnp 5

R R D/W D W,

G073 . G% = w%—alK = G% —|— w@ a[;p s

G0+ G = Wape(T — T)De W = G + wape (T — T)Dr Wy . (4.12)

We can similarly analyze the Dirac equations. As expected, the number of fermion zero
modes remains the same as in the case of primitive (2, 1)-flux without the non-perturbative
term.
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A. Dimensional reduction of v,

We demonstrate the dimensional reduction of the supersymmetric variation of the gravitino
on CYy.

Firstly, we write the internal gravitino variation using holomorphic and antiholomor-
phic indices.

L (o bed bed
e = [ve+ o (397 i + 7 ) | €

1 od bed,
Sipe = [ve + 52 (371’ G s + 7" daebcd)} £. (A1)

Y is a vector-spinor, where m is an internal vector index which transforms in the 4 © 4
representation of SU(4). The spinor index of the eleven dimensional gravitino transforms in
the 32 under SO(1, 10). After compactification on a C'Yy, SO(1,10) is broken to SU(4) x
SO(2,1) and the spinor transforms in the (1,2) & (4,2) & (6,2) & (4,2) & (1,2). This
means that 1, can be written as a sum of (0, p)-forms with one additional holomorphic or
antiholomorphic index.

be = 6eQ) + Dear 1) + D7) + b + ¢,y PUQ) . (A2)

Note that 1), in (A.9) has an additional spinor index which transforms in the 2 of SO(1, 2).
The rhs. of (Ad]) is also such a spinor. & can be written as & = € ® 7, where 7 is a
covariantly constant spinor on the CY; and € a supersymmetry parameter in the non-
compact dimensions. We write £ as

€ = &Q) + &™) - (A.3)
and should remember that é has an additional index which transforms in the 2 under
SO(1,2). The rhs. of the first equation in ([A.T]) is then

1 bed bed
5¢e = |:ve + ﬂ (3’)/ Geba + Yy Gem) 5

1 1.¢ bed
- [ve + 57 (GGe@g% + G d)] 3

3 C abed L ¢ ¢ 1 £ bed
= Ve (€10 + &gy ™1)) + 7 Cmag™ €110 + 51 Gl I . (A4)

The open index e corresponds to a one-form index, which means that we have a collection
of (1,p)-forms.®> We compare the forms of the same type on both sides and obtain the

3We can introduce a second set of gamma matrices, which will commute with the first one, so for example
Bay...apar..agy™t .. APy ... y*|€2) will correspond to a (p,q)-form. Here we will omit the second set of
gamma-matrices to make the equations more transparent. A detailed explanation of this formalism is given

in Chapter 15 of [@]
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following set of equations:

1 .
= ~G ,=¢"¢7|),

4 ((be&fya‘(n) 4

6 (6,a7"19)) =0
5 (0 ™) = g5

These are the only forms from ([A.4), which do not vanish on a C'Yj.
Let us look at the second equation of ([A:1]) where the additional index is antiholomor-

e@éﬂm . (A.5)

phic. To see this index as a form index we have to make it holomorphic. This can be done
by applying Serre’s generalization of Poincaré duality

T;Z)abc = wégeéwabce s (AG)

where wgpee is the (4,0)-form of the CYj.

~ _ 1 N R _
e = o e (Ve + 5 (317 7™ ) ) (890 + ™) 1

ee 1 £ £ ikl
= g Wgbce <Ve + ZGefghg ,yg + Gefgh7f9h> (£|Q> + gw,y ]kl) |Q> ) (A?)
Again, comparing the forms of the same type gives us
1
<¢abca7 > |Q> 49 wabceG—fghg 79£|Q>
0 <(£abc%7ab> ‘Q> =0,
it abc L ce fgh ¢
0 <¢abc%7 b > ‘Q> = ﬂg wabceGWVfghf‘Q> . (AS)

Egs. (A.5) and (A.§) can be expanded in the basis of harmonic forms on the C'Yy as
follows:

=0 (A.9)

where w(ll 1) and wél 5) are basis elements of HYY(CYy) and H'3(CYy) respectively.
If we repeat the calculations for the type IIB case, we obtain an equation for the
(1,2)-form, another one for the (2,2)-form and (3,0)-form for the dilatino:

o L abe 1 abg
1) ((be%’)' b’Q>) = __Geﬁfy b§ ’ >_ Eg gea abeY b§ ’Q>’

6 (62 ™10)) = -G ™E19),
x _abc i_ abe £
6 (A1) ) = 1Ga€'10) - (A.10)
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The second equation corresponds to the (2,2)-form* after applying Serre’s duality and to
a (1,1)-form by forming the Hodge dual.
These equations ([A.1() can be expanded in the basis of harmonic forms on the CYj

and written then as

0 <¢z w%m)) = gi w%172)év i=1,..., (21 7
) <<J51 w(lm)) = g; W(11,1)éa I=1,... n0D
’ (A(O’g)“’(%)) = 9"t (A.11)

éi, o1 and A(O3) correspond to the 4-dimensional complex structure modulinos, the Kéhler
modulinos and the dilatino respectively.

Finally, let us rewrite the variation of the modulino fields as it will be needed for our
investigation:

For the M-theory case:

1 —\ k.
k- = g _ (1,1)
0ez 1 <Gebcdg ) £, k=1,...,h ,
% 1 ) ; . 3,1
6¢e%:ﬂGe%£’ ’Lzl"'-ah( )a
1 .
LNy _ (L)
6¢E|abc 24 Cleabc5 ’ I=1,...,h . (A.12)

For the type IIB case

0y = _§Gi@5* B 1_69“5966%5 , i=1,. Y
1 R
I 1,1
002w = ~ 16 Ceart I=1,... 4D,

* _Z Xk
oA = 10k

(A.13)

We label the modulinos with the indices k,i,I. Additionally, they have indices from
the beginning of the alphabet. Let us briefly comment about this.

A (p,q)-form v can be expanded in the basis of harmonic (p, q)-forms w’: v = v; W'
In the case of a complex manifold, the number of the harmonic forms is given by the
corresponding Hodge number 2”9 On the other hand we can write the form in every local
patch as v = v, .q, @@, A2 N ... Nd2 N\ Az A ANdz% . Tf Vay..ap .., &€ constant,
they should correspond to the coefficients v;. The whole Vay..ap ar..a, 0 all coordinate
patches span a vector space, in which so many vy, 4, a..a, are linearly dependent by
the transition functions that the dimension of this vector space is h(P9. The linearly

independent combinations of v, . 4, @,..a, are then in one to one correspondence to the v;.

4Note, that in this notation the holomorphic indices correspond to the holomorphic part of the form
and vice versa. The antiholomorphic index € has no meaning as form index before applying Serre’s duality.
That is why we put | there to prevent its mixing with the antiholomorphic indices.
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